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Abstract
We show that if a planar graph G with minimum degree at least 3 has positive Lin-
Lu-Yau Ricci curvature on every edge, then ∆(G) ≤ 17, which then implies that G is
finite. This is an analogue of a result of DeVos and Mohar [Trans. Amer. Math. Soc.,
2007] on the size of planar graphs with positive combinatorial curvature.
1 Introduction
Let G be a simple connected planar graph that is 2-cell embedded in the sphere, and let
V,E, F be the set of vertices, edges, and faces of G. Given v ∈ V , let deg(v) denote the
number of edges containing v, and let F (v) denote the set of faces that touch v. Given a face
σ ∈ F , let |σ| denote the size of σ, which is the number of edges bounding σ. For each v ∈ V ,
the combinatorial curvature at v, denoted by φ(v), is defined by φ(v) = 1−deg(v)2 +
∑
σ∈F (v)
1
|σ| .
A graph G is said to have positive combinatorial curvature (or positively curved) if φ(v) > 0
for all v ∈ V . Higuchi [7] conjectured that that if G is a simple connected positively curved
graph embedded into a 2-sphere and δ(G) ≥ 3, then G is finite. Higuchi’s conjecture was
verified by Sun and Yu [19] for cubic planar graphs and resolved by DeVos and Mohar [5].
In particular, DeVos and Mohar showed the following theorem.
Theorem 1 ([5]). Suppose G is a connected simple graph embedded into a 2-dimensional
topological manifold Ω without boundary and G has minimum degree at least 3. If G has
positive combinatorial curvature, then it is finite and Ω is homeomorphic to either a 2-sphere
or a projective plane. Moreover, if G is not a prism, an antiprism, or one of their projective
plane analogues, then |V (G)| ≤ 3444.
The minimum possible constants for |V (G)| in Theorem 1 for G embedded in a 2-sphere
and projective plane respectively was studied in [16, 13, 3, 20, 14]. In particular, Nicholson
and Sneddon [13] gave examples of positively curved graphs with 208 vertices embedded into
a 2-sphere. The upper bound on |V (G)| was recently settled by Ghidelli [6].
In this paper, we study the analogous version of the Higuchi’s conjecture in the con-
text of the Lin-Lu-Yau Ricci curvature (which will be defined later). The definition of the
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(non-combinatorial) Ricci curvature on metric spaces first came from the Bakry and Emery
notation [1] who defined the “lower Ricci curvature bound” through the heat semigroup
(Pt)t≥0 on a metric measure space. Ollivier [15] defined the coarse Ricci curvature of metric
spaces in terms of how much small balls are closer (in Wasserstein transportation distance)
then their centers are. This notion of coarse Ricci curvature on discrete spaces was also made
explicit in the Ph.D. thesis of Sammer [17]. Under the assumption of positive curvature in a
metric space, Gaussian-like or Poisson-like concentration inequalities can be obtained. Such
concentration inequalities have been investigated in [8] for time-continuous Markov jump
processes and in [15, 9] in metric spaces. The first definition of Ricci curvature on graphs was
introduced by Chung and Yau in [4]. For a more general definition of Ricci curvature, Lin
and Yau [11] gave a generalization of the lower Ricci curvature bound in the framework of
graphs. In [10], Lin, Lu, and Yau modified Ollivier’s Ricci curvature [15] and defined a new
variant of Ricci curvature on graphs, which does not depend on the idleness of the random
walk.
In this paper, we adopt the same notation as in [10]. Given a vertex v ∈ V (G), we use
Γ(v) to denote the neighborhood of v, i.e., Γ(v) = {u : vu ∈ E(G)}. More generally, given
a subset of vertices S ⊆ V (G), Γ(S) = {u ∈ V (G) : us ∈ E(G) for some s ∈ S}. Given
x, y ∈ V (G), define Γ(x, y) = {u : u ∈ Γ(x) ∩ Γ(y)}, i.e., the common neighbors of x and y.
A probability distribution (over the vertex set V (G)) is a mapping m : V → [0, 1] satisfy-
ing
∑
x∈V m(x) = 1. Suppose two probability distributions m1 and m2 have finite support.
A coupling between m1 and m2 is a mapping A : V × V → [0, 1] with finite support so that∑
y∈V
A(x, y) = m1(x) and
∑
x∈V
A(x, y) = m2(y).
Let d(x, y) be the graph distance between two vertices x and y. The transportation distance
between two probability distributions m1 and m2 is defined as follows:
W (m1,m2) = inf
A
∑
x,y∈V
A(x, y)d(x, y),
where the infimum is taken over all coupling A between m1 and m2. By the duality theorem
of a linear optimization problem, the transportation distance can also be written as follows:
W (m1,m2) = sup
f
∑
x∈V
f(x) (m1(x)−m2(x)) ,
where the supremum is taken over all 1-Lipschitz functions f .
A random walkm on G = (V,E) is defined as a family of probability measures {mv(·)}v∈V
such that mv(u) = 0 for all uv /∈ E. It follows that mv(u) ≥ 0 for all v, u ∈ V and∑
u∈Γ(v)mv(u) = 1. The Ricci cuvature κ :
(
V (G)
2
)
→ R of G can then be defined as follows:
Definition 1. Given G = (V,E), a random walk m = {mv(·)}v∈V on G and two vertices
x, y ∈ V ,
κ(x, y) = 1−
W (mx,my)
d(x, y)
.
Moreover, we say a graph G equipped with a random walk m has Ricci curvature at least κ0
if κ(x, y) ≥ κ0 for all x, y ∈ V .
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For 0 ≤ α < 1, the α-lazy random walk mαx (for any vertex x), is defined as
mαx(v) =


α if v = x,
(1− α)/d(x) if v ∈ Γ(x),
0 otherwise.
In [10], Lin, Lu and Yao defined the Ricci curvature of graphs based on the α-lazy random
walk as α goes to 1. More precisely, for any x, y ∈ V , they defined the α-Ricci-curvature
κα(x, y) to be
κα(x, y) = 1−
W (mαx ,m
α
y )
d(x, y)
and the Ricci curvaure κLLY of G to be
κLLY(x, y) = lim
α→1
κα(x, y)
(1 − α)
.
They showed in [10] that κα is concave in α ∈ [0, 1] for any two vertices x, y. Moreover,
κα(x, y) ≤ (1− α)
2
d(x, y)
.
for any α ∈ [0, 1] and any two vertices x and y. In particular, this implies the following
lemma.
Lemma 1. [10, 15] If for any edge xy, κLLY(x, y) ≥ κ0 > 0, the the diameter of the graph G
diam(G) ≤
2
κ0
.
Although the Ricci curvature κLLY(x, y) is defined for all pairs x, y ∈ V (G), it suffices to
consider only κLLY(x, y) for xy ∈ E(G) due to the following lemma:
Lemma 2. [10, 15] If κLLY(x, y) ≥ κ0 for any edge xy ∈ E(G), then κLLY(x, y) ≥ κ0 for
any pair of vertices {x, y}.
Mu¨nch and Wojciechowski [12] gave a limit-free formulation of the Lin-Lu-Yau Ricci cur-
vature using graph Laplacian. Given a graph G = (V,E), the combinatorial graph Laplacian
∆ is defined as:
∆f(x) =
1
d(x)
∑
y∈Γ(x)
(f(y)− f(x)).
Theorem 2. [12] (Curvature via the Laplacian) Let G = (V,E) be a simple graph and let
x 6= y ∈ V (G). Then
κLLY(x, y) = inf
f∈Lip(1)
∇yxf=1
∇xy∆f,
where ∇xyf =
f(x)−f(y)
d(x,y) and d is graph distance function.
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In this note, we first show that a positively curved planar graph G with δ(G) ≥ 3 has
bounded maximum degree.
Theorem 3. Let G be a simple positively curved planar graph G with δ(G) ≥ 3. Then
∆(G) ≤ 17.
The bound ∆(G) ≤ 17 is almost sharp as there exists a positively curved planar graph
on 17 vertices with minimum degree at least 3 and maximum degree 16 (see Figure 1). We
guess that the maximum degree bound in Theorem 3 could be improved to 16.
Figure 1: A planar graph on 16 vertices with positive Ricci curvature
Since a positively curved graph with bounded degree also has bounded diameter by
Lemma 1. It then follows that analogous to the case of combinatorial curvature, a simple
positively (LLY)-curved planar graph has bounded number of vertices.
Theorem 4. If G is a simple positively curved planar graph with minimum degree at least
3, then G is finite. In particular, |V (G)| ≤ 17544.
A natural interesting question is to improve the upper bound on the number of the vertices
of a positively curved planar graph. We also remark that Theorem 4 is no longer true if we
drop the the condition δ(G) ≥ 3. Indeed, Figure 2 shows two positively curved infinite planar
graphs whose minimum degree is 2. The dashed line denotes an edge that can either be added
into the graph or left out. Another interesting question would be to classify all positively
curved infinite planar graphs.
. . .. . .
Figure 2: Positively curved infinite planar graphs
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Notation: For convenience, in the remaining of the paper, all subsequent appearances
of κ are referring to the Lin-Lu-Yau Ricci curvature. We also use γ(x, y) to denote |Γ(x, y)|,
i.e., the number of common neighbors of x, y. Moreover, let [a, b] = {i ∈ Z : a ≤ i ≤ b}.
2 Proof of Theorem 3
Lemma 3. Let G be a simple positively curved planar graph and xy be an edge with d(x) ≥
d(y). Suppose S ⊆ Γ(y)\{x}, |S| = s, and |S ∩ Γ(x)| = k. Then
|Γ(S) ∩ Γ(x)| >
s
d(y)
d(x)− (k + 1 + |Γ(x, y)|) + |Γ(S) ∩ Γ(x, y)|.
Proof of Lemma 3. Suppose not. Define a 1-Lipschitz function f as follows:
f(u) =


−1 u ∈ Γ(x)\(Γ(S) ∪ Γ(y)),
1 u = y or u ∈ S,
0 otherwise.
Then by Theorem 2,
κ(x, y) ≤ ∇xy∆f
≤ ∆f(x)−∆f(y)
≤
k + 1− (d(x)− |Γ(x, y)| − |Γ(S) ∩ Γ(x)|+ |Γ(S) ∩ Γ(x, y)|)
d(x)
−
(
−
d(y)− s
d(y)
)
≤ 0,
which contradicts that G is a positively curved graph.
Proof of Theorem 3. Let t be the maximum degree and x be a max-degree vertex in G and
Γ(x) = {v0, v1, · · · , vt−1} be the neighbors of x listed in the clockwise order of a planar
drawing of G. Assume for the sake of contradiction that d(x) ≥ 18. For convenience, assume
vℓ ≡ vℓ mod t. Given two vertices vk and vk+ℓ, if vkvk+ℓ ∈ E(G), we say vkvk+ℓ forms an
ℓ-arc; we say vkvk+ℓ forms an ℓ-cap if either vkvk+ℓ forms an ℓ-arc or there exists some vertex
z ∈ V (G)\{x} such that vkz, vk+ℓz ∈ E(G) but vk+iz /∈ E(G) for all i ∈ [1, ℓ− 1].
Claim 1. Suppose vkvk+ℓ forms an ℓ-cap for some ℓ ≥ 3. Then there exists some i ∈
{k, k + 1, · · · , k + ℓ− 2} such that vivi+2 forms a 2-cap. In addition, Γ(vi+1, x) = {vi, vi+2}.
Proof of Claim 1. WLOG assume that k, k+ ℓ ∈ [0, t−1]. Let i, j be picked (among all pairs
in [k, k + ℓ]) such that vivj forms a (j − i)-cap, j − i is at least 2 and minimal.
We first show that j − i ≤ 3. If j − i ≥ 4, then by the minimality of {i, j}, γ(x, vi+2) =
|Γ(x, vi+2)| ≤ 2. In particular, Γ(vi+2,x) ⊆ {vi+1, vi+3}. Consider S = Γ(vi+2)\{x}. By
Lemma 3,
|Γ(S) ∩ Γ(x)| >
|S|
d(vi+2)
d(x)− (2γ(x, vi+2) + 1) + |Γ(x, vi+2) ∩ Γ(S)|
≥
2
3
d(x)− 5.
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It follows that |Γ(S) ∩ Γ(x)| ≥ 8 since d(x) ≥ 18. Again, by the minimality of j − i, there
must exist a vertex u ∈ Γ(vi+2)\Γ(x) such that u is adjacent to vt for some t ≥ i + 7.
Since vi+2vt do not form a 2-cap by the minimality of j − i, it follows that u is adjacent to
every vertex in {vi+2, vi+3, · · · , vi+6}. Now applying Lemma 3 on the edge xvi+4 by setting
S′ = Γ(vi+4)\{x, u}, we obtain that
|Γ(S′) ∩ Γ(x)| >
|S′|
d(vi+4)
d(x)− (2γ(x, vi+4) + 1) + |Γ(x, vi+4) ∩ Γ(S
′)|
≥ min{
1
3
d(x)− 3,
2
4
d(x) − 5},
which implies that |Γ(S′) ∩ Γ(x)| ≥ 4 since d(x) ≥ 18. However, observe that Γ(S′) ∩ Γ(x) ⊆
{vi+2, vi+4, vi+6}, which gives us a contradiction. Hence by contradiction |j − i| ≤ 3.
Next we show that j − i = 2. Suppose otherwise that j − i = 3. Let S = Γ(vi+1)\{x, vi}.
If d(vi+1) ≥ 4, then by Lemma 3 we have
2
4
d(x)− 4 < |Γ(S) ∩ Γ(x)| ≤ 4,
which gives a contradiction since d(x) ≥ 18. Otherwise d(vi+1) = 3. Now if S = {vi+2}, then
by the minimality of {i, j},
1
3
d(x)− 4 < |Γ(S) ∩ Γ(x)| ≤ 2,
which gives a contradiction since d(x) ≥ 18. Otherwise S = {u}, for some u /∈ Γ(x). Then
Lemma 3 implies that
|Γ(S) ∩ Γ(x)| >
1
3
d(x)− 2 ≥ 4,
i.e., |Γ(S) ∩ Γ(x)| ≥ 5 since d(x) ≥ 18. However, observe that since {vi, vj} forms a 2-cap,
|Γ(S) ∩ Γ(x)| ≤ j − i+ 1 = 4, which gives us a contradiction.
Hence we have j−i = 2. Similar reasoning gives that Γ(vi+1) = {x, vi, vj}. This completes
the proof of Claim 1.
Claim 2. Suppose vkvk+ℓ forms an ℓ-cap for some 4 ≤ ℓ ≤ 8. Then there does not exist
i, j ∈ [k + 1, k + ℓ− 1] such that vivj forms a (j − i)-cap and j − i ≥ 2.
Proof of Claim 2. Suppose for the sake of contradiction that there exist i, j ∈ [k+1, k+ℓ−1]
such that vivj is a cap and j − i ≥ 2. By Claim 1, there exists some i
′, j′ ∈ [i, j] such that
v′iv
′
j forms a 2-cap and Γ(vi′+1) = {vi′ , vj′ , x}. Consider the edge xvi′+1 and apply Lemma 3
with S = Γ(vi′+1)\{x}. It follows that
|Γ(S) ∩ Γ(x)| >
|S|
d(vi′+1)
d(x)− 5 + |Γ(S) ∩ Γ(x, vi′+1)|,
which implies that |Γ(S) ∩ Γ(x)| ≥ 10 if vi′vj′ ∈ E(G) and |Γ(S) ∩ Γ(x)| ≥ 8 otherwise. In
both cases, it contradicts that ℓ ≤ 8 since Γ(S) ∩ Γ(x) ⊆ {vs : s ∈ [k, k + ℓ]}.
Claim 3. There exist no i, j such that vivj forms a ℓ-cap where ℓ /∈ {1, 2, 4}.
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Proof of Claim 3. We first show that there does not exist a 3-cap. Suppose on the contrary
that there is some 3-cap vivj such that i, j ∈ [0, t− 1] and j− i = 3. By Claim 1, there exists
some i′, j′ ∈ [i, j] such that vi′vj′ is a 2-cap. WLOG, suppose vivi+2 is a 2-cap and it follows
from Claim 1 that Γ(vi+1) = {x, vi, vi+2}. Now consider the edge xvi+1. Applying lemma 3
with S = {vi+2}, we have that
|Γ(vi+2) ∩ Γ(x)| = |Γ(S) ∩ Γ(x)| >
1
d(vi+1)
d(x)− 4 + |Γ(x, vi+1) ∩ Γ(vi+2)|,
which implies that |Γ(vi+2)∩Γ(x)| ≥ 3+|Γ(x, vi+1)∩Γ(vi+2)| since d(x) ≥ 18. This contradicts
that |j − i| = 3 since Γ(vi+2) ∩ Γ(x) ⊆ {vi, vi+1, vi+3}.
Now we will show by (strong) induction that there exist no i, j such that vivj is a ℓ-cap
for ℓ /∈ {1, 2, 4}. Again WLOG we assume that i, j ∈ [0, t − 1] and i < j. For the base case,
suppose j − i = 5. By Claim 1, there exists some i′, j′ ∈ [i, j] such that vi′vj′ is a 2-cap. By
Claim 2, {i, j} ∩ {i′, j′} 6= ∅. WLOG, assume that i′ = i and thus j′ = i + 2. Similar to
before,
|Γ(vi+2) ∩ Γ(x)| ≥ 3 + |Γ(x, vi+1) ∩ Γ(vi+2)|.
Hence vi+2 is adjacent to either vi+4 or vi+5. The former case contradicts Claim 2 and the
later case contradicts that there is no 3-cap. Hence by contradiction, we obtain that there
exists no 5-cap.
Now assume that there exists no s-cap for all s ∈ [ℓ− 1]\{1, 2, 4} for ℓ ≥ 6. We want to
show that there exists no ℓ-cap. Suppose on the contrary that there exists some k such that
vkvk+ℓ forms an ℓ-cap. WLOG, assume that vk, vk+ℓ ∈ [0, t− 1].
We now claim that there exists some i ∈ {k + 1, k + 2, · · · , k + ℓ − 3} such that vivi+2
forms a 2-cap. By Claim 1, there must exist a 2-cap vivi+2 within the ℓ-cap vkvk+ℓ. If
i ∈ [k + 1, k + ℓ − 3], we are done. Otherwise assume that i = k and it follows that
Γ(vk+1) = {x, vk, vk+2}. Applying Lemma 3 on the edge xvk+1 with S = {vk+2}, we obtain
that
|Γ(vk+2, x)| >
1
3
d(x)− 4 + |Γ(x, vk+1) ∩ Γ(vk+2)|.
Since d(x) ≥ 18, it follows that vk+2 has at least 2 neighbors vj ∈ Γ(x) with j > k + 2.
This then implies that vk+2 has at least one neighbor vj with j ≥ k + 4. By the induction
hypothesis, there exists no s-cap for s ∈ [ℓ − 1]\{1, 2, 4}. It follows that either j = k + 4 or
j = k + 6. If j = k + 4, then vk+2vk+4 forms a 2-cap and we are done. Otherwise vk+2vk+6
forms a 4-cap. Now Claim 1 and Claim 2 imply that there must exist a 2-cap within the 4-cap
vk+2vk+6 that is either vk+2vk+4 or vk+4vk+6. If vk+2vk+4 is a cap, we are done. Otherwise
vk+4vk+6 is a 2-cap and Γ(vk+5, x) = {vk+4, vk+6}. Similar to before, applying Lemma 3 on
the edge xvk+5 with S = {vk+4}, we obtain that vk+4 must have two neighbors vj ∈ Γ(x)
such that j < k + 4. Since vk+2vk+6 forms a cap, it must follows that vk+2vk+4 ∈ E(G) and
forms a 2-cap. Thus we showed that there exists some i ∈ [k + 1, k + ℓ− 3] such that vivi+2
forms a 2-cap. Moreover, Γ(vi+1, x) = {vi, vi+2}.
Now applying Lemma 3 on the edge xvi+1 by setting S = {vi, vi+2}, we obtain that
|Γ(S) ∩ Γ(x)| >
2
3
d(x) − 5 + |Γ(x, vi+1) ∩ Γ(S)|.
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If vivi+2 ∈ E(G), then it follows that |Γ(S) ∩ Γ(x)| >
2
3 · 18− 5 + 2 ≥ 10. However, since
there are no s-caps for any s ∈ [ℓ]\{1, 2, 4}, | (Γ(vi) ∪ Γ(vi+2)) ∩ Γ(x)| ≤ 9, which gives us
a contradiction. On the other hand, if vivi+2 /∈ E(G), then it follows that |Γ(S) ∩ Γ(x)| >
2
3 ·18−5 ≥ 8. Similarly, since there are no s-caps for any s ∈ [ℓ]\{1, 2, 4}, | (Γ(vi) ∪ Γ(vi+2))∩
Γ(x)| ≤ 7, which again gives a contradiction. Therefore, by contradiction, there exists no
ℓ-cap. Claim 3 then follows from induction.
Now we are ready to complete the proof of Theorem 3. We first claim that Γ(x) must be
an independent set. Suppose otherwise that vivj ∈ E(G). Then observe that vivj forms both
a (j− i)-cap and (d(x)− (j− i))-cap. At least one of them is an ℓ-cap with ℓ ≥ 8, which does
not exist by Claim 3 since d(x) ≥ 18. Hence Γ(x) is an independent set. We now claim that
there must be a 2-cap in the neighborhood of x. Suppose not. Then by Claim 1, there does
not exist any ℓ-cap for any ℓ ≥ 2. Applying Lemma 3 on the edge xv0 with S = Γ(v0)\{x},
it follows that
|Γ(S) ∩ Γ(x)| >
2
3
d(x)− 1,
i.e., |Γ(S) ∩ Γ(x)| ≥ 12 since d(x) ≥ 18. Hence WLOG there exists some vertex u ∈
Γ(v0)\Γ(x), such that uvj ∈ E(G) for some j ≥ 5. Since there is no ℓ-cap for any ℓ ≥ 2,
it follows that uvi ∈ E(G) for all i ∈ [0, 5]. Applying Lemma 3 on the edge xv2 with
S = Γ(v2)\{u, x}, we have
|Γ(S) ∩ Γ(x)| >
1
3
d(x)− 1 ≥ 5,
which gives a contradiction since Γ(S) ∩ Γ(x) ⊆ {v1, v2, v3}. Hence there exists some 2-cap
vivi+2 and Γ(vi+1, x) = {vi, vi+2}, which contradicts that Γ(x) is independent. By contradic-
tion, it follows that ∆(G) ≤ 17.
3 Proof of Theorem 4
Bourne et.al. [2] showed an “integer-valuedness” property of the optimal Kantorovich poten-
tial as follows:
Lemma 4. [2] Let G = (V,E) be a locally finite graph. Let x, y ∈ V with x ∼ y. Let
p ∈ [0, 1]. Then there exists a 1-lipschitz function φ such that
W (mpx,m
p
y) =
∑
w∈V
φ(w)
(
mpx(w)−m
p
y(w)
)
,
and φ(w) ∈ Z for all w ∈ V .
Before we prove Theorem 4, we show a simple lemma that gives a lower bound on the
Ricci curvature of a positively curved graph with bounded degree.
Lemma 5. Suppose G is a positively curved graph with maximum degree ∆. Then κ(G) ≥
1
∆(∆−1) .
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Proof. It was shown in [2] that for every xy ∈ E(G),
κ(x, y) ≥ κ0(x, y) = 1−W (m
0
x,m
0
y).
By Lemma 4, there exists some integer valued 1-Lipschitz function φ such that
W (m0x,m
0
y) =
∑
w∈V
φ(w)
(
m0x(w)−m
0
y(w)
)
,
Observe that by definition of mx(·), and my(·),
|m0x(w) −m
0
y(w)| =
c
d(x)d(y)
,
for some non-negative integer c. Since G is positive curved and φ(·) is an integer-valued
function, it then follows that
κ(x, y) = 1−W (m0x,m
0
y) ≥
1
d(x)d(y)
≥
1
∆(∆− 1)
.
Proof of Theorem 4. Let G be a positively curved planar graph with δ(G) ≥ 3. By Theorem
3, we obtain that ∆(G) ≤ 17. It then follows from Lemma 5 that κLLY (G) ≥
1
17·16 =
1
272 .
By Lemma 1, diam(G) ≤ 2
κLLY (G)
≤ 544. It then follows trivially that
|V (G)| ≤ 1 +
diam(G)−1∑
i=1
∆(G) · (∆(G)− 1)i < 17544.
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